Under the hypothesis that the DSR momentum space transformations can be achieved from conformal generators with a suitable set of constrains, the relationship between momenta and velocities is investigated through a reduction of the system to the physical surface and reconstructing the Hamiltonian relations on it
Introduction
It has been claimed that the special relativity must be modified, that a Lorentz symmetry breaking could be observable in the future in high energy cosmic ray spectra [1] , and corrections in the dispersion relation E 2 − p 2 = m 2 has been proposed [2] . Furthermore, quantum gravity models suggest that it could be desirable to review the Lorentz invariance relations and string theories consider some modifications to the very structure of the space time at high energy scales. These theories have some fundamental quantities: the Planck longitude l p = G/c 3 , its associated time scale t p = l p /c and the Planck energy E p = /t p . It is supposed that beyond these thresholds, the physics should change dramatically. However, these absolute values of longitude, time or energy are not in agreement with the Lorentz transformations.
Nowadays, solutions for these problems has been proposed: Doubly special relativity (DSR) theories [3, 4, 5] . These theories have two observer independent scales, velocity of light and Planck length. Usually a modification of Lorentz boosts in momentum space is performed, however when this is done, retrieving the position space dynamics can be a highly problematic task due to the loss of linearity. Kimberly, Magueijo and Medeiros [6] , have proposed some methods to achieve this, using a free field theory, other approaches can be seen in [7, 8] , specially the approach of Deriglazov is very interesting because he starts from a conformal group, but it is different from the one proposed here, because he start at the position space [9] .
DSR theories are of increasing interest because they can be useful as a new tool in gravity theories, in Cosmology as an alternative to inflation [10, 11] , and in other fields like propagation of light [12] , that is related, for instance, to cosmic microwave background radiation.
In other paper [13] , it was demonstrated that it is possible, formally, to obtain Magueijo-Smolin deformations for a massless relativistic particle, through a reduction process and using an extended nonlinear conformal group to supply the generators of the deformed Lorentz algebra. The restriction of "massless" is not so restrictive because we expect that the DSR deformations should be observables just at very high energies, when the system constrain is very truly p 2 = 0 . An important feature of this treatment is the evidence that even the Lorentz invariance is broken in R d by DSR theories, it could remains untouched in R d+2 because the deformed Lorentz boost in the former are linear combinations of the images of the isometries of the latter. This can be achieved even when the deformation is induced in the momentum space for the special case of a particle living in the cone x 2 = 0.
In this paper a relation between momenta and velocities is realized for a massless particle on the mass shell and for the special case of a massless particle living in the cone x 2 = 0. The method is to perform a reduction to physical surface of a massless relativistic suitably constrained particle living in R d with metric diag(−1, 1, 1, ...1)
The paper is organized as follows. In section 2, the Magueijo Smolin transformations are reviewed and its association with conformal generators is shown. In section 3, the projection onto the physical surface is performed for a massless particle and i section 4, the same is performed for a massless particle living in a cone. In section 5, results are summarized and new problems worth investigating are introduced.
The Magueijo Smolin DSR momentum transformation
Starting with the ordinary Lorentz generators:
The modified Lorentz boost proposed in Magueijo and Smolin [3] is:
where the second term is the deformation proposed and l p is the Planck length. It can be exponentiated as:
where U(p 0 ) = exp(l p p 0 p µ ∂ ∂pµ ), and the action of U(p 0 ) over p µ is
Following the Magueijo Smolin procedure, it can be seen that boosts in the z direction (as an example), are :
This transformations are identical to those obtained by Fock [15, 16] , but applied to momentum space. They can be retrieved replacing p by x and p 0 by t, instead.
The Fock like transformations can also be obtained as usual Lorentz transformations for the transformed p ′ from eq 2.4 [15, 16] , so we need lead just with the extra term of the deformed boosts.
The transformation (2.4) can be yielded as result of the action of anK µ = 2p µ (xp) − p 2 x µ generator, that produces:
If we are leading with a massless relativistic particle, we can achieve the identification with (2.4), but we must transform the constrain ψ 1 = p 2 ≈ 0 in an exact identity, the transformation parameter must be α µ = (l p /2, 0, 0, 0) and the global minus sign must be removed. TheK µ generator can be added to the standard conformal group and the extended version, that is a more complete set of symmetries of the massless Klein Gordon equation, becomes:
7)
These relations generate a non-linear algebra on the constrain ψ 1 surface. So, we must lead with the relationship between momenta and velocities under transformations generated byK µ when the system is projected onto the physical surface defined by ψ 1 . From this point of view, the difficulties to obtain velocities from the transformed momenta, after the Magueijo Smolin deformed boosts, is replaced by the task of reconstructing the relationship between momenta and velocities after the projection onto the physical surface of the system. 3 The projection onto the physical surface for a relativistic particle.
Let's consider a massless relativistic particle with Lagrangian:
the constrain that rules the dynamic of the particle are:
The condition over the conjugated momentum of e, p e = 0 shows that e is a non dynamic variable and we will not take care of it in the following. Due the constrain ϕ 1 , the relation between momenta in phase space and velocities in the configuration space is not so clear as it would be desirable, because all momenta yielding Eq. (3.3) should be identified. This ambiguity can be seen as produced by the fact that the system is constrained to a subspace in the phase space, this subspace is usually named as the physical surface.
In order to obtain a truly relationship between momenta and velocities a reduction of the system to this physical surface must be performed, this can be done by the following process:
First, we can introduce a gauge fixing to the constrain Eq. (3.3), a suitable one is:
Now, it is necessary to reformulate the parenthesis definition abandoning the Poisson definition and using the Dirac Parenthesis instead. It is defined by the relation:
where {} P indicates Poisson bracket and {} D Dirac bracket. The matrix C is defined by:
in this case:
with
So, the Dirac brackets are:
Now, in order to retrieve the Hamiltonian relations, we define the independent variables:
and introduce the following parameterization:
It is, now, necessary to redefine our Hamiltonian, this can be performed setting:
where H is the former canonical Hamiltonian and F is a correction due to the projection of the system to the physical surface, F yields the following equation:
where W st is defined by: and the velocity induced on the physical surface is:
Just now, we are sure what the relation between velocities and momenta is, on the physical surface and we can perform the transformation (2.6):
and the velocity expression yields:ẋ
Now, in order to obtain the complete Magueijo Smolin velocity we just need to perform an usual Lorentz boost. 4 The reduction procedure for a particle living on the cone x 2 = 0
It was demonstrated in [13] thatK generator in a R d space can be obtained as a projection of simple Lorentz transformations of a massless particle living in a R d+2 space. The restriction to do this, is that the particle must be considered as living on the cone x 2 = 0, (x 2 i = x 2 0 ) in R d . So, it is possible to introduce the condition p 2 = 0, as a gauge fixing to the first constrain. If this is the case, the product xp must be conditioned by xp = 0, so we have {x 2 , p 2 } = 4xp ≈ 0. Further more, if this is not the case, all the generators of the conformal algebra vanish, including the Magueijo Smolin transformations. Now, we are going to apply the method illustrated in the last section, to a massless particle living in R d with metric η µν = (−1, 1, 1, ...1) with the following constrains:
In order to asses the condition on xp, it is necessary to introduce:
with β a free non-zero parameter. But this constrain has zero Poisson Bracket with the other constrains:
so, it is necessary to introduce a fourth constrain that can be (very cleverly), chosen as:
so, now we have:
Now we can obtain the C ij matrix: 11) and the inverse is:
We can now, to calculate the Dirac bracket between the variables:
Now, we can define the following variables:
where the independent variables are:
the parameterization at first glance is:
solving for p 0 and p 1 :
The canonical Hamiltonian vanishes on the physical surface, so the Hamiltonian on that surface is just H = F , and F yields the equations:
we are interested in the second equation because the Hamiltonian for velocity isẋ i = ∂H/∂p i . Performing the proper calculations we have:
where for convenience we keep the notation x 1 for √ τ 2 − x 2 and
It is worth noting that in the limit β → ∞ and τ → ∞, the velocity becomes 0.
Again, now we just need to perform an usual Lorentz boost.
Discussion and outlook
To conclude, let us summarize the obtained results and discuss shortly some problems that deserve a further attention. In section 3, starting with the formulation of Magueijo Smolin deformed boosts, they are realized as a version of the special conformal generator after a dimensional reduction onto the mass shell of a massless relativistic particle and then, with the Hamiltonian relations retrieved on that physical surface, the velocity is obtained from the transformed momenta.
In section4, the same procedure is performed but this time the reduction is onto a cone because this case is interesting due its possible relation with AdS spaces and because in his case we can claim that this R d−2 Magueijo Smolin theory is a relic of a reduction process from a Lorentz invariant theory in a R d+2 space.
It would be interesting to investigate the relation between the realization of this theory on the cone and the AdS spaces under the idea of AdS/CFT correspondence.
